A master equation ( n dimensional non-Abelian current conservation law with mutually commuting current components ) is introduced for multi-dimensional non-linear field theories. It is shown that the master equation provides a systematic way to understand 2-d integrable non-linear equations as well as 4-d self-dual equations and, more importantly, their generalizations to higher dimensions.
that after dimensional reduction, they yield many known integrable non-linear field equations in two spacetime dimensions.
[3] [4] Unfortunately, higher dimensional (d ≥ 3)
non-linear field equations, describing non-trivial physical interactions do not arise in this way. Moreover, it is not known whether there exist higher dimensional integrable non-linear field equations similar to the two dimensional ones.
The purpose of this Letter is to introduce a set of simple first order differential and may lead to a deeper understanding of the subject. We discuss the integrability of the master equation and consider the possibility of multi-dimensional integrable field theory.
Consider the following n-dimensional equation ("master equation"):
where J i are components of a vector current J valued in the Lie algebra g. The bracket denotes a commutator and ∂ i ≡ ∂/∂x i is the partial differentiation with respect to local coordinates x i ; i = 1, 2, ..., n. We use the n-dimensional Euclidean metric to raise or lower indices. Eq.(1) has a simple interpretation as a current conservation law with all the current components mutually commuting. For n = 2, the master equation becomes integrable and describes a 2-d non-linear sigma model in the following way. Define the dual variable A i ≡ ǫ ij J j , with ǫ 12 = −ǫ 21 = 1, to bring eq.(1) into the form
This may be solved partially for A i = g −1 ∂ i g with g valued in the Lie group G. Then the remaining equation becomes
which is precisely the equation of the 2-d sigma model with a pure Wess-Zumino term. [5] Eq.(2), on the other hand, can be solved completely when we identify it as the integrability condition (
for any value of λ ∈ CP 1 , and apply the inverse scattering method [6] to the linear equations. In In this Letter, we show that this generalizes to arbitrary n subject to certain subtleties given below. For n ≥ 2, we assume that J i take values in sdif f M n . Let
We may write J i in a local coordinate 2 Here sdif f M n denotes the algebra of volume-preserving diffeomorphisms of a manifold M n and sdif f h M n is its extension by a Lie algebra h.
where
are functions of the 2n variables (x i , y µ ; i, µ = 1, 2, ..., n ).
Eq.(1a) can be solved by
with arbitrary functions W
Note that eq. (5) is invariant under the change W µ 3 ···µn 
where subscripts with a comma denote partial differentiation. The remaining equations then become
where D is the determinant of the n × n matrix whose (i, µ) entry is Ω ,iµ . Eq. (8) 
for an arbitrary function φ. In the case φ = 0, φ can be set to one after a reparametrization of coordinates:
For n = 2, eq. (7) is a general solution of eq.(1a) and so eq. (9) is in fact equivalent to the master equation. However, for n ≥ 3, it is not clear whether eq. (9) is equivalent to the master equation or a special case of it requiring further restrictions. This is an interesting open question which will be pursued elsewhere. Here, we only wish to point out that eq. (9) arises from the master equation and that eq.(9) has a simple geometrical interpretation which generalizes that given in [5] for the n = 2 case. This is as follows. Consider a Kähler metric given in terms of a potential Ω:
Then, eq. 
The algebra sdif f h M n could be represented in terms of "covariantized" volume preserving vector fields such that the J i taking value in sdif f h M n are given by
4 We regard (x i , y µ ) as 2n independent complex variables so that we are really considering a complexified Kähler structure. The usual Kähler metric can be recovered by taking y 1 =x 1 etc. We also use w a to denote the 2n coordinates (x i , y µ ). 
where U satisfies
Here g ab is the inverse of the metric given in eq. (11) 
which can be shown to be equivalent to eq.(15) by solving eq. (16) for [7] [8] stems from the following three observations, Firstly, they can be expressed as "generalized self-duality conditions" in 2n dimensions:
where ǫ ab···cd is the totally antisymmetric rank 2n tensor with ǫ x 1 y 1 ···x n y n = 1. Sec- 
which imply the (2n − 2)-d Yang-Mills-Higgs equations;
Now, restrict further by taking the following ansatz for A x i and Ψ: [9] A
where h α , e α are Cartan-Weyl basis for the algebra satisfying (without sum)
[e α , e
Here r is the rank of the group and K is the Cartan matrix. With φ α ≡ |u α | 2 , eq. (20) becomes the (2n − 2)-d Toda equation;
where ∇ 
For n = 2, eq.(25) was identified in [5] with the sl(∞)-Toda equation. However, this is not in general true for n ≥ 3. If we restrict further by making the following separation of variables:
we get the (2n − 2)-d Einstein-Kähler equation:
with a cosmological constant Λ. These examples show that most of the four-dimensional extension of two-dimensional relativistic integrable equations can be embedded into the Kähler Ricci flat and the Hermitian-Yang-Mills equations by almost the same reduction procedure as the two dimensional case. However, one should not that since for n ≥ 3 eqs. (9) and (15) 
Then, the (complexified) Hermitian-Yang-Mills equations reduce to
where ∇ Laplace equation. [11] However, it should be emphasized that our ansatz is different from those in [11] and does not apply to the SU(2) case, and moreover, makes the Euclidean Yang-Mills action vanish identically. The explicit form of the solutions and further details will be given in [10] . Unfortunately, we have not succeeded in obtaining exact multi-centered solutions for the SU(2) case and other Hermitian cases. Nevertheless, there exists a theorem proven by Uhlenbeck and Yau [12] which shows that the moduli space of 2n-d Hermitian-Yang-Mills connections is identical to that of stable holomorphic vector bundles over a compact Kähler manifold. This theorem generalizes the theorem of Donaldson for the n = 2 case [13] which simplifies the ADHM construction [14] of would eventually lead to multi-dimensional integrable field theory. This issue will be considered elsewhere.
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